We present a concise overview of the modified Beer-Lambert law, which has been extensively used in the literature of near-infrared spectroscopy (NIRS) of scattering media. In particular, we discuss one form of the modified BeerLambert law that is commonly found in the literature and that is not strictly correct. However, this incorrect form of the modified Beer-Lambert law still leads to the correct expression for the changes in the continuous wave optical signal associated with changes in the absorption coefficient of the investigated medium. Here we propose a notation for the modified Beer-Lambert law that keeps the typical form commonly found in the literature without introducing any incorrect assumptions.
The Beer-Lambert law, namely E o = E i exp(−µ a d ), is commonly used in spectroscopy to derive the absorption coefficient of non-scattering media from continuous wave (CW) measurements. In the formula, E o is the output or detected intensity, E i is the input intensity, µ a is the absorption coefficient of the medium and d is the direct distance between the illumination and collection points. For scattering media, a modified Beer-Lambert law has been introduced (Delpy et al 1988) and is commonly used in the field of near-infrared tissue spectroscopy. This law is based on the functional dependence on µ a of the solution to the radiative transfer equation (RTE) (Duderstadt 1979) :
where I is the irradiance (energy per unit time, area and solid angle), v is the speed of light in the medium, r,ŝ and t are the spatial, directional and temporal variables at the point of observation, µ s is the scattering coefficient of the medium, p(ŝ,ŝ )is the phase function, S is a source term (energy emitted per unit time, volume and solid angle) and dω is the infinitesimal solid angle about the directionŝ . It is easy to demonstrate that given the solution to equation (1) for µ a = 0 and an impulse source term S( r,ŝ, t) = g( r,ŝ) · δ(t), namely I ( r,ŝ, t, µ a = 0), the solution for the same source term and for a homogeneous absorbing medium can be written as I ( r,ŝ, t, µ a ) = I ( r,ŝ, t, µ a = 0) exp(−µ a vt). We define the function f (t, µ a ) to be proportional to the probability density of the time of flight of detected photons (probability per unit time) with the following normalization:
where P o and P i are the detected and input power, respectively, in CW. The ratio P o /P i is the attenuation of power between the source and detector. It is straightforward to find that the same scaling rule with respect to the absorption coefficient that holds for the irradiance, also holds for the function f (t, µ a ):
If we define the absorbance of the medium as A = ln(P i /P o ) according to equations (2) and (3) we have
It is clear from equation (4) that L , the mean path length of detected photons, plays for scattering media the same role played by the direct source-detector distance for non-absorbing media, with the major difference that L is not known a priori and it depends on µ a , µ s , p(ŝ,ŝ ), the source-detector configuration, and the geometry of the medium. The same is true for the function f (t, µ a ) defined above. According to equation (4) the infinitesimal change of absorbance is related to the change in absorption by the following relationship:
We point out that all the above equations are valid for an arbitrary medium that is homogeneous only in terms of the absorption coefficient, and with no restriction about its geometry and source-detector configuration. In particular, equation (5) is valid under the less restrictive condition that only the change of the absorption coefficient δµ a is spatially uniform. A relevant parameter is the ratio between L and the direct source-detector distance d, which in the literature has been defined as the differential path length factor (DPF):
The values of the DPF under various conditions have been studied both experimentally (Duncan et al 1995 , Kohl et al 1998 and numerically (Hiraoka et al 1993) in order to apply equation (5) to different kinds of biological tissues. From equation (4) one can derive a modified Beer-Lambert law in an integral form as follows (Tsuchiya 2001) :
where the term A(µ a = 0) is the absorbance due to the losses occurring in the medium only because of its scattering properties. Although equation (7) is the correct expression for the modified Beer-Lambert law expressed in an integral form, the following expression, which strictly speaking is not correct, is commonly found in the literature (Matcher et al 1993 , Boas et al 2002 , Wobst et al 2001 , Franceschini et al 1998 :
Under the common assumption (not strictly correct) that L does not depend on the absorption, differentiation of equation (8) leads to equation (5), which is correct and finds widespread use to translate attenuation changes into chromophore concentration changes. We propose to keep the form of equation (8), which closely resembles the Beer-Lambert law for non-scattering media, by expressing the modified Beer-Lambert law as follows:
where
The term L represents the 'mean average path length' of detected photons over the range of absorption coefficient 0−µ a . From equation (9) the correct change in the attenuation must be calculated as
which coincides with equation (5) after considering that
